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Abstract: The Fourier transform is considered as a Henstock-Kurzweil integral. Sufficient 
conditions are given for the existence of the Fourier transform and necessary and sufficient 
conditions are given for it to be continuous. The Riemann-Lebesgue lemma fails: Henstock- 
Kurzweil Fourier transforms can have arbitrarily large point-wise growth. Convolution and 
inversion theorems are established. An appendix gives sufficient conditions for interchanging 
repeated Henstock-Kurzweil integrals and gives an estimate on the integral of a product. 
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1 Introduction 

If / : R — > R then its Fourier transform at s € R is denned as f(s) — 
J^ e - isx f{x)dx. The inverse transform is / (s) = (2n) 1 e lsx f{x) dx. 
In this paper we consider Fourier transforms as Henstock-Kurzweil integrals. 
This is an integral equivalent to the Denjoy and Perron integrals but with a 
definition in terms of Riemann sums. We let TOCa be the Henstock-Kurzweil 
intcgrable functions over a set A C R, dropping the subscript when A = R. 
(The symbol C allows set equality.) Then TilC properly contains the union 
of L 1 and the Cauchy-Lebesgue integrable functions (i.e., improper Lebesgue 
integrals). The main points of HIC integration that we use can be found in p) 
and |l(J . Several of our results depend on being able to reverse the order of re- 
peated integrals. In the Lebesgue theory this is usually justified with Fubini's 
Theorem. For HIC integrals, necessary and sufficient conditions were given in 
[ p"3[ . Lemma in the Appendix gives sufficient conditions that are readily 
applicable to the cases at hand. Also in the Appendix are some conditions 
for convergence of rapidly oscillatory integrals (Lemma |2^) and an estimate 
of the integral of a product (Lemma |24| ). 

There is a substantial body of theory relating to Fourier transforms when 
they are considered as Lebesgue integrals. Necessary and sufficient for exis- 
tence of / on R is that / € L . This is because the multipliers for L 1 are the 
(essentially) bounded measurable functions and |e ±lsa: | < 1. The multipliers 
for HIC are the functions of (essentially) bounded variation. Asm e -isx j g 
not of bounded variation, except for s — 0, we do not have an elegant existence 
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theorem for UK. Fourier integrals. Various existence conditions are given in 
Proposition |2| Example ^|(f) gives a function whose Fourier transform diverges 
on a countable set. For L 1 convergence, / is uniformly continuous with limit 
at infinity (the Riemann-Lebesgue lemma). We show below (Example 0(e)) 
that the Riemann-Lebesgue lemma fails dramatically in TiK: f can have ar- 
bitrarily large point-wise growth. And, / need not be continuous. Continuity 
of / is equivalent to quasi-uniform convergence (Theorem Some sufficient 
conditions for continuity of / appear in Proposition ^. Although / need not 
be continuous, when it exists at the endpoints of a compact interval, it exists 
almost everywhere on that interval and is integrable over that interval. See 
Proposition [?]. As in the L 1 theory, we have linearity, symmetry, conjuga- 
tion, translation, modulation, dilation, etc. See formulas (2)-(9) in |^|, p. 117] 
and ||, p. 9]. We draw attention to the differentiation of Fourier transforms 
(Proposition ||) and transforms of derivatives (Proposition ||). One of the most 
important properties of Fourier transforms is their interaction with convolu- 
tions. Propositions [HJ [n], [l3|, |TJ and [l5| contain various results on existence 
of convolutions; estimates using the variation, L 1 norm and Alexiewicz norm; 
and the transform and inverse transform of convolutions. Proposition ^ gives 
a Parseval relation. An inversion theorem is obtained using a summability ker- 
nel (Theorem |l8|) . A uniqueness theorem follows as a corollary. The paper 
concludes with an example of a function / for which / exists on K but / 
exists nowhere. 

As Henstock-Kurzweil integrals allow conditional convergence, they make 
an ideal setting for the Fourier transform. We remark that many of the Fourier 
integrals appearing in tables such as || diverge as Lebesgue integrals but 
converge as improper Ricmann integrals. Thus, they exist as H.K. integrals. 

We use the following notation. Let A C M and / a real-valued func- 
tion on A. The functions of bounded variation over A are denoted BV a and 
the variation of function / over set A is VaJ ■ We say a set is in BV if its 
characteristic function is in BV. All our results are stated for real-valued 
functions but the extension to complex-valued functions is immediate. Note 
that for complex-valued functions, the variation of the real part and the vari- 
ation of the imaginary part are added. The Alexiewicz norm of / €E 'HK,a is 
\\f\\A = sup JCj4 | frf\, the supremum being taken over all intervals I C A. 
For each of these definitions, the label A is omitted when A — M or it is 
obvious which set is A. Whereas indefinite Lebesgue integrals are absolutely 
continuous (AC), indefinite Henstock-Kurzweil integrals are ACG*. See || 
for the definition of ACG* and the related space AC*. Finally, a convergence 
theorem that we use throughout is: 

Theorem 1 Let f and g n (n £ N) be real-valued functions on [a, b] . If f € 
H.1C, Vg n < M for all neN, and g n — > g as n — > oo then J fg n — > f fg as 
n — > oo. 
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The theorem holds for [a, b] C K, where R = RU {±00} is the extended real 
line. For a proof see [ fL4| . 

2 Basic properties 

We first tackle the problem of existence. If / : R — > R then / exists as a 
Lebesgue integral on K if and only if / G L 1 . This follows from the fact that 
| e ±isa:| <- 1 £ or a jj Sj ^ g ]g> an d ^ ne multipliers for L 1 are the bounded measur- 
able functions. No such simple necessary and sufficient conditions are known 
for existence of H.JC Fourier integrals. However, we do have the following 
results. 

Proposition 2 Let /:R -> R. 

(a) In order for f to exist at some s £l it is necessary that f G TLK,i oc . 

(b) If f £ HJCioc then f exists on R if \ f\ is integrable in a neighbourhood 
of infinity or if f is of bounded variation in a neighbourhood of infinity 
with limit at infinity. 

(c) Let f G WC. Define F^x) = f and F 2 (x) = J*^ f . Then f 
exists at s G R if and only if both the integrals J °° e~ lsx F\(x) dx and 
J ^ e~ %sx F2{x) dx exist. 

Proof: (a) For each s G R, the function x 1— > e JSX is of bounded variation on 
any compact interval. 

(b) This follows from the Chartier-Dirichlet convergence test. See jjj. 

(c) Let T > 0. Integrate by parts to obtain 

,t ,T 
/ e~ lsx f{x) dx = F 1 (0) - Fx {T)e- lsT -is e^Fi (x) dx. 
Jo Jo 

Since F\ is continuous with limit at infinity, / °° e~ zsx f(x)dx exists if and 
only if J °° e~ lsx Fi(x) dx exists. The other part of the proof is similar. ■ 

Although F\ is continuous with limit at infinity, it need not be of bounded 
variation. So, / G WC does not imply the existence of /. See Example ||(c) 
below. Notice that part (b) (with WCi oc replaced by Lj oc ) and part (c) are 
false for L 1 convergence of /. 

Titchmarsh jni) gives several sufficient conditions for existence of condi- 
tionally convergent Fourier integrals (§1.10-1.12). However, these all require 
that / G L] oc . 
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When / € L 1 and s,h el, f(s + h) = f™^ e- l(s+ ^ x f(x) dx. By dom- 
inated convergence this tends to f(s) as s — > ft,. So, / is uniformly con- 
tinuous on R. When / exists in H/C in a neighbourhood of s, the function 
x i— > e~ lsx f(x) is in but the factor e _l/la: is not of bounded variation on R 
except for h = 0. In general we cannot take the limit h — > under the integral 
sign and / need not be continuous. And, for / 6 L 1 and s 7^ 0, the change 
of variables x ^ x + tt/s gives /(s) = (1/2) J_ e - JS;E [/(a;) — f(x + n/s)) dx. 

Writing f y (x) = f{x + y) for x,y € R, we have < (1/2)||/ - /^Hl 

Continuity of / in the L 1 norm now yields the Riemann-Lebesgue lemma: 
/(s) — > as |s| — > 00. It is true that if / € WC then / is continuous in 
the Alexiewicz norm |pj| . However, since the variation of x 1— > e -«sa; j g nQ ^ 
uniformly bounded as |s| — * cxj, existence of / does not let us conclude that 
/ tends to at infinity. 

The following examples show some of the differences between L 1 and HIC 
Fourier transforms. 

Example 3 The transforms (a)-(d) appear in ||. Convergence in (a) is by 
Lemma |23|, (b) is similar, after integrating by parts, and (c) and (f) are Frul- 
lani integrals. 

(a) If fix) — sgn(x)|x| _1//2 then / is not in WC or in any LP space (1 < p < 
00) and yet f(s) = \/27rsgn(s)|s| _1 / 2 for s 7^ 0. Notice that, even though / 
is odd, / does not exist at since TUC convergence does not allow principal 
value integrals. 

(b) Let g(x) — e" 2 . Then g(s) — ^/tt e l ^~ s2 ^ 4 . In this example, g is not 
of bounded variation at infinity, nor does g tend to at infinity, nor is g uni- 
formly continuous on R. The same can of course be said for g. 

(c) Let h(x) = sin(ax)/|x|. Then h(s) = i log | (s — a)/(s + a) | for s 7^ a. 

(d) Let k(x) = x/ix 2 + 1). Then k(s) = -i7rsgn(s)e~ |s| for s/0. Note 
that k does not exist at 0, even though its principal value is 0. 

(e) Fourier transforms in TLK, can have arbitrarily large point-wise growth. 
Given any sequence {a n } of positive real numbers, there is a continuous func- 
tion / on R such that / exists on R and /(n) > a n for all n > 1 |Q. 

(f) Let {a n } and {b n } be sequences in R. Define f(x) = YlnLi a » sin(6„a;)/|x| 
for x and /(0) = 0. Assume that a n > 0, ^ a n < 00 and Y^, a n\b n \ < 00. 
Then / is continuous on R, except at the origin, where it has a finite jump 
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discontinuity. Suppose s is not in the closure of {— b n , 6„} ng N- Then 

/(s) = a„ / e- ts:E sin(6„x) 

n=l - 7 - 00 ^ 

00 f°° dx 
= i}a n (cos [(s + 6 n )d - cos [(s - &„)xl) — 

— /n 



= i}^a„ log 



s - b n 



S + b n 



(1) 

(2) 
(3) 



The reversal of summation and integration in (|l|) is justified using Corollary 7 
in fl3|j . Hence, / exists on R, except perhaps on the closure of {— b n , 6 n }neN' 
Note that /(0) = 0. 

We will now show / diverges at each bk with a^b^ ^ 0. Let T\, T 2 > and 
consider 



/T 2 00 j 

e~ lh * x Va„sin(6„x)^ 



00 „ j: 

Y,^! ^e- ibkX sm(b n x)^- (4) 



-sin (6 fc + 6„)x -sin (6 fe - b n )x] . . . . . . .fix 

a„/ zsin(6 fe x)sin(6„x)|-| .(5) 



In (Q), convergence of a n |6 ra | permits reversal of summation and integration. 
The real part of (||) converges for all k > 1, uniformly for T\,Ti > 0. Hence, 
the real part of / exists on R. The k th summand of the imaginary part of (||) 
is 

sin (o/cXj— = -a fe / sin a;—. 

-Ti F| V-Ti|6 fc | Fl 

This diverges as Ti,T 2 — > 00. Hence, /(&&) does not exist. 

If &n}neN has no limit points then we have an example of a function 

whose Fourier transform exists everywhere except on a countable set. 

Now suppose s $ {—b n ,b n } ne m but s is a limit point of {— b n , b n } n( zm. As 
noticed above, the real part of f(s) exists. And, |/_, sin(sx) sin(& n a;) efcc/|:r|| < 
2|s|. So, f(s) exists if and only if 



00 „t 

lim y a n (cos [(s + b n )x] — cos [(s — b n )x]) 
n=l 1/1 



X 
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exists. Suppose s ^ and T > 1. If |s — 6„|T > 1 and \s — b„ \ < 1 then 



cos(|s — b n \x) — 
x 



l*- fc "l T dx 
cosx — 



X 



dx 



cos a; ■ 



|s-6„| 



\s-b n \T 



dx 



cosx ■ 



(6) 



< log(l/|s-6 n |)+c. 



The constant c is equal to the supremum of | cos a: over < > 1. When 

Is — 6„ IT < 1, we have 



. . dx &~ b ^ T dx 

cos(|s — b n \xj — = / cos a; — 

X J\s-b n \ X 

< logT 

< log(l/| S -6„|). 
The case for \s + b n \T is similar. It follows that the condition 

s-b„ 



log 



s + b n 



< oo 



(7) 



is sufficient for existence of f(s). 

If l/T < \s - b n \ < 1 then, as in (§), 



T dx 
cos(|s - b n \x) — > cos(l) log (l/|s - b n \) ~ c. 



Therefore, 



f dx 
a n cos(|s - 6 n |x) — 

l/T<|a-6 n |<l Jl 

> ^ a n [C0s(l)l0g(l/|s- b n \) - C] . 

l/T<|s-b„|<l 

Let T — > oo, then condition (fj]) is also necessary for existence of /(s). Hence, 
it is possible for / to exist at a finite number of limit points of {— b n , 6n}neN- 
Finally, enumerate the rational numbers in [0, 1] by b\ = 0, 62 = 1/1, 63 = 
1/2,64 = 1/3,65 = 2/3, b 6 = 3/3,6 7 = 1/4, etc. Let A rn > such that 
^mAm < 00. Put ai = and define a n = A m for the m consecutive values 
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of n such that b n = l/m for some 1 < I < m. Let s G [— 1, 1] \ Q and let s be 
the distance to the nearest rational number. Then 



E< 

Tl = l 



log 


s-b n 


s + b n 





E^E 



i=i 



log 



//m 



//m 



< l0g(2/s) J2 mA r> 



This furnishes an example of a function whose Fourier transform exists on R 
except for the rational numbers in [—1, 1]. ■ 

Examples |](a), (c), (d) and (f) show that / need not be continuous. How- 
ever, continuity of / is equivalent to quasi-uniform continuity. 

Definition 4 (Quasi-uniform continuity) Let f : R 2 — > R. If F(x) := 
f_ f(x,y) dy exists in a neighbourhood of Xq € R then F is quasi-uniformly 
continuous at xq if for all e > and M > i/iere exist m = m{xQ, e, M) > M 
emd 5 = (S(xo, e, M) > smc/i </ia< if \x — xq\ < S then \ J^ y ^ >m f(x, y) dy\ < e. 

This is a modification of a similar definition for series, originally introduced 
by Dini. See S, page 140. 



Theorem 5 Let f :R — > K. Then, f is continuous at s E 
is quasi-uniformly continuous at Sq. 



if and only if f 



Proof: For m > 0, let F m (s) = f_ 



°f(x) dx. Let h e 



Then, 



F m (s + h) — F m (s) = J m m [e lhx — l]e tsx f(x)dx. Note that either assumption 
implies x i— > e~ lsx f{x) is in H.lCi oc for each s £ R. And, Vr_ m!m i[a; i— > e _lftx — 
1] < 4m|ft.|. Taking the limit /i — > inside the above integral now shows i 7 ^ 
is continuous on R for each m > 0. 

Suppose / is quasi-uniformly continuous at sq S R. Given e > 0, take 
M > such that | ji x i >t e lS0X f(x) dx\ < e for all t > M . From quasi-uniform 
continuity, we have m > M and S > 0. Then, for |s — sq\ < <5, 



|a;|>m 



/(x) dx 



< 



e- lsx f(x)dx 



\x\ >m 

2e. 



e 

|s|>m 



It follows that / is continuous at Sq. 

Suppose / is continuous at sq and we are given e > and M > 0. Since 
/ exists at s , there is N = N(s ,e) > such that | jj x | >m e~~ ls ° x f(x) dx\ < e 

whenever m > N. Continuity of / at sq implies the existence of ^ = £(sq, e) > 
such that |/(s) — /(so)| < e when |s — s | < £■ And, F m is continuous on 
R. Hence, there exists rj = r)(so,e,m) > such that when \s — sq | < rj we 
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have \F m (s) — F m (so)\ < e. Let m = max(M, N) and 5 = min(£, rj). Then for 
|s — sol < S we have 



e~ lsx f{x) dx 



|at|>T 



< 

|a;|>r 

< 3e. 



7(x) 



+ f(s)-f(so) +\F m (s)-F m (s )\ 



And, / is quasi-uniformly continuous at so. I 

We now present two sufficient conditions for a Fourier transform to be 
continuous. The first is in the spirit of the Chartier-Dirichlet convergence test 
and the second is in the spirit of the Abel convergence test. For simplicity, 
the results are stated for functions on [0, oo). The general case follows easily. 



Proposition 6 Let g and h be real-valued functions on [0, oo) where g <= BV 
and h £ TLJC\ oc . Define f = gh. 

(a) Suppose there are positive constants M , 5 and K such that, if\s— sq\ < S 
and Mi, M 2 > M then \ e~ lsx h{x) dx\ < K. If g(x) ->0flsi^oo 
then f is continuous at so- 

(b) Let H s (x) — Jq e~ lst f (t) dt . If h is continuous at so and there are 
S, K > such that for all x > and \s — sq\ < 5 we have \H s (x)\ < K 
then f is continuous at Sq. 

Proof: Write 4> s {x) — e~ lsx h(x). With no loss of generality, g(oo) = 0. 
For (a), let \s — sq\ < S and Mi,M 2 > M. Using Lemma §4[ 



M-2 



Mi 







[M-2 


isx f(x) dx 


< 


I 4> s (x)dx 






J Ah 



inf 

[Mi,M 2 ] 



< 



K 




inf \g\ 

as M —> c 



V, 



[M,oo]5 



+ ||^8||[Mi,M 2 ]V[Afi,Af2]5 



(8) 



Therefore, / exists in a neighbourhood of so- Taking the limit M 2 — * oo in 
(||) shows that / is quasi-uniformly continuous and hence continuous. 

For (b), since g £ BV we have lim x _ 00 5(x) = c e M. Writing / = 
h(g - c) + ch we need only consider | J™ <f> s (g - c) j < ||0 S || [M>00 ) V [Mi0o) (5 - c). 
By our assumption, ||(?!> s ||[Ar,oo) < 2 ^ for \s-s \ < 5. And, V[m,oo)(5-c) -» 
as M — > 00. ■ 

Although / need not be continuous, when it exists at the endpoints of a 
compact interval it is integrable over the interval. 
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Proposition 7 Let [a, b] be a compact interval. If f exists at a and b then 
f exists almost everywhere on (a,b), f is integrable over (a, b) and J b f = 
i f{x)[e~ lbx - e- iax ] dx/x. 

Proof: The integral I := i f(x) \e~ lhx — e _ma: ] ^ exists since x i— > 

f{x)e~ lhx jx and x > f{x)e~ lax jx are integrable over R \ (—1,1) and x i— > 
[ e — it™ _ e -iaa;j ^ x j g Q f b ounc j ec j variation on [—1,1]. And, 

f{x)e- lbx e- l[s - b)x ds dx = i f{x)e' lsx dxds= f. 

-oo Ja Ja J —oo Ja 

Hence, / exists almost everywhere on (a, b) and is integrable over (a, 6). 
Lemma |2^(a) justifies the reversal of x and s integration. ■ 

The usual algebraic properties of linearity, symmetry, conjugation, trans- 
lation, modulation, dilation, etc., familiar from the L 1 theory, continue to hold 
for TiK Fourier transforms. See formulas (2)-(9) in || p. 117] and (|, p. 9]. 
The proofs are elementary. There are also differentiation results analogous to 
the L 1 case (pages 117 and 17, respectively, of the previous references). 

Proposition 8 (Frequency differentiation) Suppose f exists on the com- 
pact interval [a, (3\. Define g(x) — xf(x) and suppose g G TCJC. Then 
f = —ig almost everywhere on (a, (3). In particular, f'{s) = —ig(s) for 
all s G (a, (3) such that j£j = ff(s). 

Proof: The necessary and sufficient condition that allows differentiation un- 
der the integral, f'(s) — —i j° a oQ e~ lsx xf(x)dx, for almost all s G (a, (3) is 
that 

/oo />b pb />oo 

/ e~ lsx xf{x)dsdx = / / e~ lsx x f \x) dx ds (9) 
-oo J a J a J —oo 

for all [a, b] C [a, (3}. See fT|, Theorem 4]. We have g G WC, \e~ lsx \ < 1 and 
Vt[x h- » e~ tsx ] < 2|/||s| for a compact interval /ct. The left member of ([)]) 
is i[f(b) — f(a)]. Hence, by Lemma p5|(a), @ holds, and f'(s) = —ig(s) for 
almost all s G (a, (3). Examining the proof of |l^, Theorem 4], we see that we 
get equality f'(s) = -ig(s) when £ f°g = g(s). ■ 

There are similar results for n-fold differentiation when the function x h—» 
x n f(x) is in TiK, for a positive integer n. 

Proposition 9 (Time differentiation) (a) Iff G ACG*(R) and f{x) —> 
as \x\ — > oo then for each s ^ 0, both f(s) and f'(s) fail to exist or 
f'(s)=isf(s). 

(b) Suppose f G ACG*(R) and f.f G H.JC. Then for each s / 0, either 
both f(s) and f'(s) fail to exist or f'(s) — isf(s). 
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Proof: (a) Let M\,Mi > 0. Integrate by parts to get 



e' isx f'{x) dx = e- lsM2 f(M 2 ) - e isMl f(-Mi) + W / e~ is3: f(x) dx. 



(b) Consider J™ f = f + f(M) - f(x) for x, M G R. Since /' G WC, 



the limits as |x| — > oo exist. Hence, / has a limit at infinity. But, / € 7i/C so 
this limit must be and we have reduction to case (a). ■ 

3 Convolution 

If / and g are real- valued functions on R then their convolution is / * g{x) — 
/-co f( x ~ fyg(f) The following proposition gives the basic properties of 
convolution. 

Proposition 10 Let f and g be real-valued functions on K. Define f x :M — > K 
fry = /(^ + y) for £ I For interval I = [a, 13] C K and j £ I, 

de/me J - y = [a - y, /3 - y] . 

(a) If f * g exists at x £l i/ien / * g(x) — g * /(a;) . 

(b) J/ / e WC, geBV andhe L 1 then (f * g) * h = f * (g * h) on R. 

(c) Let f G TL1C. Suppose that for each compact interval I C K i/iere are 
constants Ki and Mi such that \g\ * |/i|(.z) < Ki for all z G / and £/ie 
function y i— > h(y)Vi~ y g is in L 1 . If f * (g * h) exists at x G K i/ien 
(f*g)* h(x) = f*(g* h)(x). 

(d) (/ * — fx * g — f * gx wherever any one of these convolutions exists. 

(e) supp(/ * .a) C {x + y : a; G supp(/), y G supp(.a)}. 

Proof: For (a), (d) and (e), the L 1 proofs hold without change. See || 
Proposition 8.6]. To prove (b), write 



-Mi 



-Mi 



Now take the limits Mi, M 2 



oo. 




/ / f{x- z)g(z-y)h(y)dydz 



J — oo J — OO 



/ * (.a * 
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Lemma |25|(b) allows us to change the order of y and z integration. The proof 
of (c) is similar but now we use Lemma p5|(a). I 

The next proposition gives some sufficient conditions for existence of the 
convolution and some point-wise estimates. 

Proposition 11 (a) Let f G UK, and g G BV. Then f * g exists on R and 
\f*9(x)\ < \\f\\[mi\g\ + Vg] forallx&R. 

(b) Let f G TilCioc and g G BV with the support of g in the compact interval 
[a, 6]. Then f * g exists on R and \f * g(x)\ < | /*_ 6 ° f\ inf [ a>b ] \g\ + 

11/11 [x-a,x-b]V[a,b]9 ■ 



Proof: (a) Using Lemma p4 
\f*9(x)\ 



f{x - t)g{t) dt 



< 



f 



inf |s| + 



(b) Now, 

\f*9{x)\ 



< \\f\\[w£\g\+Vg]. 



f{x-t)g(t)dt 



< 



f 



-b 



inf 1^1 + \\f\\[x-b,x-a.]V[a,b\g- 
[a.b] 



These conditions are sufficient but not necessary for existence of the con- 
volution. Also, if /, g G H.K, then f * g need not exist at any point. 

Example 12 (a) Let f(x) = log \x\ sin(x) and gix) = \x\~ a , where < 
a < 1. Then / and g do not have compact support and are not in TilC, 
BV or L p (1 < p < oo). And yet f * g exists on R. 

(b) Let fix) = sin(a;)/|a;| 1 / 2 and g{x) = {sm{x) + cos^))/^! 1 / 2 . Then 
/, g G TlIC but f * g exists nowhere. I 

When / G HK, and g G L 1 n BV then / * g exists on R and we can estimate 
it in the Alexiewicz norm. 

Proposition 13 Let f G TLK, and g G L 1 n BV. Then f * g exists on R and 

ll/*<?ll<ll/IINIi- 
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Proof: Existence comes from Proposition [□]. Let — oo<a<6<oo. Using 
Lemma |2q(a) , we can interchange the repeated integrals, 



f*gdx 



b />oo 



f[x — t)g(t) dt dx 
g(t) [ f(x-t)dxdt. 



a J — 00 
OO rb 



(10) 

(11) 



And, 



f*gdx < 1 1 .g 1 1 1 sup / f(x-t)dx 
te 



b-t 



= llfl-lli sup 

< ll/IINIi- 



Under suitable conditions on / and g, we have the usual interactions be- 
tween convolution and Fourier transformation and inversion. 

Proposition 14 // / exists at s G R and g € L 1 n BV then f * g(s) — 

f(s)g(s). 

Proof: We have 

f*g(s) 

— OO 
OO 

-oo 

= 700 £00- 

The interchange of integrals is validated by Lemma |25|(a), since 



[e- lst f(t)] [e ist g(x - t)] dtdx 

f OO 

f{t) I e- lsi > x ^g{x-t)dxdt 



V [aM 



fix 



st g(t)] dx 



< 2\s\(b-a)\\g\\i + 2(b-a)Vg. 



Proposition 15 If f and g are in TLK,i oc such that f exists almost every- 
where, 7j £ L , s i ► sg{s) is in L 1 and g — g almost everywhere then 
f*9 = (7s) on R. 
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Proof: Let x £ K. Then g(x — t) exists for almost all t € K. And, 

-i /"OO /*oo 

/ = 2W /(<) ' eis(x_t) 5(s)^^ 



1 

/?)>) 



OO 

OO 



e lsa: £(s) / e~ lst f{t)dtds 



Suppose / exists at s . Then e i<*-t) e i»ot £(s)] < 2|g(s)||s - s \\I\ and 

the reversal of s and i integration order is by Lemma ||f](a) . ■ 



4 Inversion 

A well-known inversion theorem states that if / and / are in L 1 then / = 
/ almost everywhere. These are rather restrictive conditions as both / 
and / must be continuous (almost everywhere) and vanish at infinity. In 
Example |^(a) and (b), / is a multiple of / and g is a multiple of g so we 

certainly have / = / and g = g almost everywhere and yet none of these 
integrals exists in L 1 . However, they do exist in HIC. And, we have a similar 
inversion theorem in TilC. First we need the following Parseval relation. 

Proposition 16 Let i\) and 4> be real-valued functions on K. Suppose ip exists 
at some sq G M. Suppose (f) £ L 1 and the function s i— » S(j)(s) is also in L . If 
exists, then ip exists almost everywhere and tp <j> = tp <j). 

Proof: Let f{x) = ip(x)e~ ls ° x and g(x,y) = e l ( Sa ~ y > x <f)(y). A simple com- 
putation shows V[ a ,b]9(',y) = 0((b — a)y<f){y)) as \y\ — > oo. The conditions of 
Lemma |2^(a) are satisfied. ■ 

Now we have the inversion theorem. The proof uses the method of summa- 
bility kernels. Using Proposition one inserts a summability kernel in the 
inversion integral. There is a parameter z = x + iy that is sent to xo, yielding 
inversion at xq- We can actually let z — > xq in the upper complex plane, pro- 
vided the approach is non-tangential. This is analogous to the Fatou theorem 
for boundary values of harmonic functions. Define the upper half plane by 
II + = {z = x + iy : x S K, y > 0}. We identify 511+ with R. For x Q £ dU + , 
we say z — > xq non-tangentially in 11+ if z € 11+ and z — > xq such that 
\x — xo\/y < C for some C > 0. 

Definition 17 (Summability kernel) A summability kernel is a function 
9:M^ R such thatOe L 1 C\AC, 6(0) = I, s i-> sQ(s) is mL 1 , 6 E L 1 nBV, 
I^x, © — 27r, s i— > sQ'(s) is in L 1 , and x i— > V[ Wt<x> \@ and x i— > Vf-oo^^Q are 
0(l/x) as x — > oo. 



Henstock-Kurzweil Fourier transforms 



14 



Theorem 18 (Inversion) Let f ; R — * R such that f exists almost every- 
where. Define F(x) — f for x E R. If F'(x ) = /(x ) and f = f exists 

at Xq then /(xo) = / (xq). If f exists almost everywhere then f = f 
almost everywhere. 

Proof: Let z = x + iy for x £ R and y > 0. Define <f> z : R — > R by z (s) = 
<d(ys)e lsx , where is a summability kernel. Then <f) z {t) = Q((t — x)/y)/y. 
And, 

1 OO 1 />00 

4> z (s)f(s)ds = — / Mt)f(t)dt (12) 



= T~ I™ m~*)/y)f{t)dt. (13) 

The inversion theorem now follows, provided we can prove the following. 
I. The conditions of Proposition |l6| are satisfied so that ( |l2|) is valid. 
II. As z — > xq non-tangentially in II + , the left side of ( |l2] ) becomes / (xq). 
III. As z — > xq non-tangentially in II + , ([l5| ) becomes /(xo). 

I. In Proposition |l^, letip = f and (f> = (f) z . We have existence of / at some 
so G R. And, Z and s i— > s<j> z (s) are in L 1 if and only if and s i— ► s6(s) 
are in L . Since € L 1 , 2 is continuous with limit at infinity. So, if 2 is 
of bounded variation at infinity, the integral f4>z will exist. It suffices to 
have of bounded variation at infinity. Proposition now applies. 

II. Write the left side of @ as (27r)- 1 /_^ o [e(ys)e is ^- x °^] \e™ x °f(s)\ ds. 

The function s i-> e 4S;ro /(s) is in UK. And, we have V[s i-> ©(^e^^] < 
21^0 + 2||0||i|x — xo|/y. So, for non-tangential approach, this function is of 
bounded variation, uniformly as z — > xo. This allows us to take the limit 

inside the integral on the left side of (|l2|), yielding / (xo). 

III. Let S > 0. Write 

OO 

-h(—)f(t)dt = - [ e(—)f(t)dt+l f e(t^.) f (t)dt. 
v J \ v J y J \ y J y J \ v J 

-oo \t—x\<8 \t—x\>S 

(14) 

Consider the last integral in (14). There is sq £ R such that 1 1— > e lSot f(t) is 
in 7i/C. Now, 



[a;+{5,oo) 



2/ 



pisot 



< -v [5/y!Oo) e + 2\s \\\e\\ 1 . 
y 
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With our assumptions on 0, this last expression is bounded as z — > xq. And, 
when 6 € L 1 , 6 € AC ioc and 9' € L 1 then 0(t) = o(l/i) as t -> oo [g, 
page 20]. The same applies on the interval (— 00,2; — 6]. Hence, taking the 
limit z — > inside the integral yields for each fixed 6 > 0. 

Treat the first integral on the right side of (|l4|) as follows. Because 

2^ ®((* ~ x )/v) dt =1 k I-5/y B(t) ^ 1 as y -> 0+, we can assume 

f(x ) = (otherwise replace /(•) with /(•) - f(x )). Let F(t) = f* g f. 

We have F'(x Q ) = f(x Q ) = 0. And, 0(s) = o(l/s) as |s| -> 00. Given 
e > 0, we can take < <5 < 1 small enough such that \F(xq + 1)\ < e|i| and 
< e|i| for all < |t| < 2(5. Without loss of generality, assume x > xq. 
Take |z — xo| < S with |x — Xo\/y < C for some constant C > 0. Integrate by 
parts, 

h<5 



1 



y Jx-s 



e 



e 



f(x + 5) - e 



F(x 



— J: — J2 — Ja 



5) 

(15) 



where J x = y- 2 f*°_ 5 &((t - x)/y)F(t) dt, J 2 = y- 2 0'((i - x)/y)F{t) dt, 
J 3 = y- 2 f* +S e'((t- x) /y)F{t) dt. Note that if < y < S 2 then y/5 < S and 
\x±S-x \< 26 so \Q(±S/y)F(x ± 5)\/y < 2e 2 . 
Estimate J\ by writing 



\Ji\ 



< 



< 



1 

y 2 

e 

y 



(x - t) 



0' 



F(t) 



x - t 



dt 



(x -x)/y 



S/y 

eCV6 4 



Similarly, 



|J 3 | < eCVe + e I t 



(xo-x-yt) Q'(t) 
t\ Q'(t) dt. 

Q'(t) <//. 



dt 



(16) 
(17) 



For J2 we have 



|J 2 | < - sup \F(t)\ 

y xo<t<x 

eCVQ. 



f 


e'(t) 


1 (x a ~x)/y 





d,i 



(18) 



Putting Jl6|), dlS[) and (|T|) into @ now shows that the first integral on 
the right side of (|14|) goes to as z — > xo non-tangentially. This completes the 
proof of part III. Since, F' = f almost everywhere, the proof of the theorem 
is now complete. I 



Henstock-Kurzweil Fourier transforms 



16 



Remark 19 In place of the condition t i— > t®'(t) is in L 1 we can demand 
that is increasing on (— oo,0) and decreasing on (0, oo). The proof of III. 
then follows with minor changes. The condition that 9 S AC can also be 
weakened. 

Remark 20 The most commonly used summability kernels are 



Gx(x) = (1 - \x\)xi-i A] (x) §i(s) = " Cesaro-Fejer 



2 

s/2 

9 2 (x) = e"l x l 9 2 (s) = Abel-Poisson 

63(2:) = e~ x Sa(s) = y^e - ^/ 2 ^ Gauss-Weierstrass. 



The Abel and Gauss kernels are summability kernels according to Defini- 
tion [l?], while the Cesaro kernel does not satisfy this definition. 

Corollary 21 Let f : M — > R. T/ien / = almost everywhere if and only if 
f = almost everywhere. 

Proof: If / = almost everywhere then / — on R. If / = almost 
everywhere then / exists almost everywhere and / exists almost everywhere. 
Therefore, by the Theorem, / = / = 0, almost everywhere. I 

Note that the inversion theorem applies to Example ||(a)-(d). The con- 
dition that / exists almost everywhere cannot be dropped. The following 
example shows that existence of / on R does not guarantee existence of / 
at any point in R. 

Example 22 Let f(x) = x a e ix " for x > and f(x) = for x < 0. Using the 
method of Lemma S we see that / exists on R for — 1 < a < v — 1. And, 



oo 



/(a) = / xW ~ sx l dx 

a + 1 r°° , \ 

>"-i / x a e ip ^ dx {p=s v / { - u -^j. (19) 



Write 4>(x) — x v — x. If v > 1 then has a minimum at xq ■= v 1 '- The 

method of stationary phase [7j] shows that 



/ (s) „ yZ^ e W4 xr (-2)/2 e#( . )^/(^ 1 ) s -±|= f 

as s — > oo. Let ^ > 2. It now follows from Lemma |23| that when i//2 < a < 

v — 1, / exists on R and / diverges at each point of R. Note that / 6 TiJC 
but neither / nor / is in any L p space (1 < p < oo). ■ 
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5 Appendix 

Lemma 23 If 7 > and S e K then 

(a) Jq 1 e" 1 x s dx exists in TLK, if and only if 7 + 5 + 1 > 0. 77ie integral 
exists in L 1 if and only if S > — 1. 

(b) Jj 00 e ix x s dx exists in TtK. if and only i/7 > <5 + 1. T/ie integral exists 
in L 1 if and only if S < — 1. 



Proof: In (a), integrate by parts to get 



x dx 







7 



e* - lim e" V +5+1 

x->0+ 



7 



The limit exists if and only if7 + #+ l>0, the last integral then converging 
absolutely Case (b) is similar. For L 1 convergence, we simply take the 
absolute value of each integrand. ■ 

Lemma 24 Let [a, 6]cl and let f € WC[ a ^ and g € BVy a ^ . Then 



inf \d\ + \\f\\[a,b)V [aM g. 

[a,b] 













f fg 


< 






J a 




J a 


Proof: Given e > 


0, take 


c e 


[a,b] 



by parts: 



fg = 



fg- 



f 



fg 



a \<j a 



f dg(x) + 



f dg(x). 



And, 
6 



fg 



< 



< 









e + inf \g\ 






[a,b] 












e + inf \g\ 






[a,b] 







sup 

a<x<c 



V[ a ,c]g+ SUp 
c<x<b 



\f\\[a,b]V[ a ,b]9- 



V{c,b]9 



This lemma is an extension of inequalities proved in M and (Theo- 
rem 45, page 36). Changing jona set of measure 0, such as a singleton, does 
not affect the integral of fg but can make the infimum of \g\ equal to zero. 
However, this reduction in inf \g\ is reflected by a corresponding increase in 
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Vg. This redundancy can be eliminated by replacing g with its normalised 
version, i.e., for each x G [a, b) replace g(x) with lim.t—> x +g(t) and redefine 

g(b) = 0. Then the inequality becomes J* fg < ||/||[ ,6]V[ 0| 6]p. 

The following lemma on interchange of iterated integrals is an extension 
of Theorem 57 on page 58 of Q. 

Lemma 25 Let f G HIC and let g : R 2 — > R. Let .M denote the measurable 
subsets o/R. For eac/i (A, S) G i3V x .M, define the iterated integrals 

h{A,B) =11 f(x)g(x,y)dydx 

JxeA JyeB 

I 2 (A,B) = f(x)g(x,y)dxdy. 

JyeB JxeA 



(a) Assume that for each compact interval I C R £/iere are constants Mi > 
and X/ > such that J R Vig(-,y) dy < Mj and, for all x G I, 
HsO^j ")l|i — Ki- V ea»s*s on R x R t/ien 7 2 existe on BV x 
and Ji = I2 on BV x M. . 

(b) Assume there exist M, GeL 1 smc/i i/iat, /or almost all y G R, V r g , (-, y) < 
M(y) and, /or aZZ x G R, |ff(af,3/)| < G(y). TTien J x = I 2 on BV x M. 

Proof: (a) Let X be the open intervals in R. First prove l\ — I 2 on X x X. 

Fix (a, 6) and (a, /?) in /. For —00 < a < t < 00, define 

H a (t) = I 2 ((a,t),(a,(3)) = T t f(x)g(x,y) dx dy. (20) 

«/ a J a 

We will establish the equality of I\ and 7 2 by appealing to the necessary and 
sufficient conditions for interchanging repeated integrals |l^, Corollary 6] . For 
this, we need to show that H a is in ACG* and that we can differentiate under 
the integral sign in (|20|). Let F(x) = J*^ f. Integrate by parts, 

H a (t) = [F(t) - F(a)} f g(t,y)dy- f f [F(x) - F{a)]d ig {x,y)dy. (21) 

The integrator of the Riemann— Stieltjes integral over x G [a, t] is denoted 
dig(x,y). Now, by Lemma || |F tt (t)| < ||/||[tf[ a ,6] + M M] ], and h(A,B) 
exists for all A, B £ X with A bounded. 

We have F G ACG*(R). So, there are E n C R such that R = UE n and F 
is AC* on each F„, i.e., for each n > 1, given e > 0, there is 5 > such that if 
(st,tf) are disjoint with s*,tj G E n and J] |s 4 ~ U\ < 5 then ^ H/H^.ti) < e - 
Fix n > 1 with E n , e and J as above. Suppose (o"j,T,) are disjoint with 
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<7j,Ti £ E n and |aj — n\ < S. With no loss of generality, we may assume 
E n is a subset of a compact interval [c, d] . Then 



sup |ff a (p)-iJ a (g)|<||/|| 

[p,g]C[tr 4 ,Ti] 



[-^[c,d] + -^[c,d]] 



It follows that ff a e ACG*(R). 

Now show that we can differentiate under the integral sign to compute 
H' a (t). Let <\h\<l and t £ K such that = /(<). Then 



f{x)g{x,y)dx 



< sup 

0<|fc|<l 



F(t + /i)-F(i) 



+ sup 

0<|/i|<l 



|/||[t-|fc|,i+|/i|]Vjt_i,i + i]3(-,y). 



It now follows from dominated convergence that H' a (t) — f(t) f g(t,y)dy 

for almost all t £ R. And, by g Corollary 6], = I 2 (4°B) for all 
4,BeI with A bounded. 

By assumption, ii(R,R) exists. For a € R, 

f/3 



/(^) / g{x,y)dydx 



lim 

t — >oc 



lim 

t — >oo 



f(x) / g(x,y)dydx 



f{x)g{x,y)dxdy 



= lim H a (t). 



Similarly, lim H a (t) exists. Therefore, -ff-oo is continuous on R and hence 

t — > — OG 

in ACG*(W). It follows from || Corollary 6] that ^(4,5) = I 2 (A,B) for 
all 4,Bel 

We have equality of 7i and 72 on BV x A4 upon replacing / with fxA and 
g(x, •) with g(x, -)xb where A £ BV and B £ M. 

(b) This is similar to part (a), but now the conditions on g ensure the 
existence of J 2 on I x R. As in (a), H a £ ACG*(R). To show H a is con- 
tinuous on 1, note that | j£ f* f(x)g(x,y) dx dy\ < ||/||(||G||i + ||M||i) and 
limt-too / f(x)g(x, y) dx exists for almost all y £ R. Whence, lim^oo H a (t) 
exists and H_ oc is continuous on R. Using [jl3| Corollary 6], we now have 
equality of I\ and 1% on R x R and hence on BV x M,. ■ 
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